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Example  1
Consider the problem 

maxx1, x2 [(x1  4)2  (x2  4)2] subject to x1 + x2  4 and x1 + 3x2  9,

illustrated in the following figure.  (Hint: the area painted by light blue satisfies the two constraints.)

[image: image1]
Answer: 
We have 
L(x1, x2) = (x1  4)2  (x2  4)2  1(x1 + x2  4)  2(x1 + 3x2  9)
       (  f  1g1  2g2.
The Kuhn-Tucker conditions are 

	2(x1  4)  1  2 
	=
	 0

	2(x2  4)  1  32 
	=
	 0

	x1 + x2  4, 1  0, and 1(x1 + x2  4) 
	=
	 0

	x1 + 3x2  9, 2  0, and 2(x1 + 3x2  9) 
	=
	 0.


Due to the ‘switching’ nature of the conditions igi = 0, we need to guess which constraints are active and then proceed with solving the KKT conditions. We have the following cases:

case 1: g1 = 0, g2 = 0.

case 2: g1 = 0, 2 = 0. 
case 3: 1 = 0, g2 = 0. 
case 4: 1 = 0, 2 = 0.

case 1.  x1 + x2 = 4 and x1 + 3x2 = 9:  






    In this case we have x1 = 3/2 and x2 = 5/2. Then the first two equations are 
	5  1  2 
	= 0

	3  1  32 
	= 0


which imply that 1 = 6 and 2 = 1, which violates the condition 2  0.  (補足：上図で見ると、二つの直線の交点が最適解であっても良いように見えるけれども、じーっと眺めると、その交点じゃなくて、x1 + x2 = 4と接する時に最適解を持つことが分かるよ。注意深くグラフを見てね。だから、case1は最適解じゃないよ！)                               
case 2. x1 + x2 = 4 and x1 + 3x2 < 9, so that 2 = 0: Then first two equations imply x1 = x2 = 2 and 1 = 4. All the conditions are satisfied, so (x1, x2, 1, 2) = (2, 2, 4, 0) is a solution. 

case 3. x1 + x2 < 4 and x1 + 3x2 = 9, so that 1 = 0: Then the first two equations imply x1 = 12/5 and x2 = 11/5, violating x1 + x2 < 4. 

case 4. x1 + x2 < 4 and x1 + 3x2 < 9, so that 1 = 2 = 0: Then first two equations imply x1 = x2 = 4, violating x1 + x2 < 4. 

So (x1, x2, 1, 2) = (2, 2, 4, 0) is the single solution of the Kuhn-Tucker conditions. Hence the unique solution of problem is (x1, x2) = (2, 2). 
どうだったかな？ムービーを見たみんなには簡単だったかな？
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